We exploit duality considerations in the study of singular combinatorial 2-discs (diagrams) and are led to the following innovations concerning the geometry of the word problem for finite presentations of groups. We define a filling function called gallery length that measures the diameter of the 1-skeleton of the dual of diagrams; we show it to be a group invariant and we give upper bounds on the gallery length of combable groups. We use gallery length to give a new proof of the Double Exponential Theorem. Also we give geometric inequalities relating gallery length to the space-complexity filling function known as filling length.
Introduction
A diagram is a finite planar 2-complex homeomorphic to a singular 2-disc. A van Kampen diagram is a labelled diagram amounting to a graphical demonstration of how a word in a finite presentation P of a group Γ that represents the identity, is a consequence of the defining relations. (See Definitions 2.1 and 4.1.)
The use of diagrams to probe the geometry of finitely presented groups and to produce invariants (filling functions) is well established in Geometric Group Theory. To date, attention has focused on the area of diagrams, and the resulting Dehn function (also known as the minimal isoperimetric function), and on the diameter of the 1-skeleton of diagrams (in the combinatorial metric), which gives the minimal isodiametric function. And recently the filling length of a diagram D has proved important [9, 10] -we define FL(D) to be the minimal length L such that there is a combinatorial null-homotopy of ∂D, across D and down to a base vertex, through loops of length at most L. (See §2.1 for more details.)
The innovation in this article is to bring duality considerations to bear on the study of diagrams. We define the gallery length GL(D) of a diagram D to be the diameter of the 1-skeleton of its dual. We will also define DGL(D) which combines diameter and gallery length as realisable on complementary pairs of maximal trees -see §2. 3 . In §2 we give formal definitions of diagrams and of GL(D) and DGL(D) as well as other diagram measurements, and in Proposition 2.4 we list some of the inequalities that relate diagram measurements. Then in §3 we use DGL to control the filling length of a diagram:
Theorem 3.5. Fix λ > 0. There exists K > 0 such that for every diagram D in which the boundary of each 2-cell has at most λ edges,
FL(D) ≤ K (DGL(D) + Perimeter(D) ).
This inequality is an amendment of a suggestion of Gromov [13, §5 .C]: the term DGL(D) replaces Diam(D). Gromov's inequality was known to fail [6] in the context of 2-discs with Riemannian metrics. In §3 we give our own family of diagrams D n that have bounded perimeter and diameter, and at most three edges in the boundary of each 2-cell, but have filling length tending to infinity. It follows that Gromov's inequality does not hold in a combinatorial context. Our proof that FL(D n ) → ∞ takes us into unlikely territory. We use the following result, proved in an appendix, concerning the number ||n|| of terms required to express an integer n as a sum of elements of the symmetric generating set A ± := ±2 k | k ∈ N for the additive group Z.
Theorem A.1. If {a n ; n ≥ 1} is a sequence of rational integers which converges in the p-adic integersẐ p to an element which is not a rational integer (i.e. the limit is inẐ p Z), then the sequence {||a n || ; n ≥ 1} is unbounded. Hence || || is unbounded on Z (and so also on N).
The diagram measurement GL leads to the gallery length filling function GL(n) for finite presentations. We define GL(n) in §4. In Theorem 4.5 we prove that GL(n) is a group invariant in the sense that the gallery length functions of two finite presentations of the same group are ≃-equivalent (see Definition 4.3), modulo a technical hypothesis concerning fattening the presentations (see Definition 4.4) .
We exploit gallery length in §5 to give a new and transparent proof of the Double Exponential Theorem of D.E.Cohen -a cornerstone result of Geometric Group Theory that gives an isoperimetric function for a finite presentation in terms of an isodiametric function: Theorem 5.3. Given a finite presentation P there exists C > 0 such that the Dehn function Area(n) and the minimal isodiametric function Diam(n) for P satisfy Area(n) ≤ n C C Diam(n) for all n ∈ N.
The role of GL(n) in the proof is as a stepping-stone lying at most one exponential above the minimal isodiametric function Diam(n):
Theorem 5.1. Let P = A | R be a finite presentation and w be an edgecircuit in its Cayley graph. Suppose D w is a minimal diameter van Kampen diagram for w, and moreover is of minimal area amongst all minimal diameter diagrams for w. Then there exists A > 0 depending only on P, such that
It follows that GL(n) ≤ A 1 + 2 Diam(n) for all n.
The bounded valence of the graph dual to the 1-skeleton of D w allows one to prove that a single exponential of GL(n) is an upper bound for the Dehn function Area(n) -see Proposition 5.2.
In §6 we give upper bounds on the gallery length functions of combable groups. Then in §7, building on Theorem 3.5, we relate the filling functions FL(n), GL(n) and DGL(n):
Theorem 7.1. Let P = A | R be a finite fat presentation of a group Γ. The filling functions GL, DGL and FL for P satisfy GL ≤ DGL ≃ FL.
Every finite presentation can be made into a fat finite presentation for the same groups by introducing some extra generators and relations -see Definition 4.4.
This article is the first in a series. The second is [11] in which we give conjectures concerning duality and the diameter maximal trees and we explain their implications for Geometric Group Theory, a major one being for the theory of central extensions. It would follow from one of the conjectures that the filling functions GL and DGL are essentially the same. This would lead to the simplification of the conclusion of Theorem 7.1 to FL ≃ GL. We hope that the series will culminate in a third article in which we present proofs of the conjectures. (Added May 2005 : to date these conjectures remain unresolved.)
2 Singular disc diagrams 2.1 Definitions Definition 2.1. A singular 2-disc diagram (or, more concisely, a diagram) is a combinatorial 2-complex D obtained from some finite combinatorial 2-complex S homeomorphic to the 2-sphere by removing the interior of a 2-cell e ∞ . Equivalently D is a finite, planar, contractible, combinatorial 2-complex. It is referred to as singular because, in general, it need not be a topological 2-disc but rather may be a tree-like arrangement of topological discs connected by 1-dimensional arcs.
A finite, connected, undirected graph G embedded in the 2-sphere induces a combinatorial 2-complex structure S with 1-skeleton G. (We allow graphs to have multiple edges between two vertices and to have edges that meet only one vertex, thereby forming a loop. These are multigraphs in [4] .) Associated to S is the dual 2-complex S ⋆ that has a face dual to each vertex of S, an edge dual to each edge of S, and a vertex dual to each face of S. The 1-skeleton of S ⋆ is G ⋆ , the dual graph of G. A connected graph H is equipped with the path metric in which each edge is uniformly given length 1. The diameter of H is
the maximum distance between vertices, and given a vertex u of H we define Diam u (H) to be the maximum distance of vertices from u :
Definitions 2.2. (Diagram measurements.)
We define a number of measurements that capture aspects of the geometry of a diagram D with a base vertex v 0 in ∂D (0) .
• The area Area(D) is the number of 2-cells in D.
•
• The perimeter Perimeter(D) is the length of the boundary circuit of D.
• The gallery length GL(D) is the diameter of the dual graph G ⋆ .
• The filling length FL(D) is the minimum filling length FL(S) amongst all shellings S of D.
Note that it is conventional, on account of the group theoretic applications (see §4), to define the diameter to be the maximal distance of vertices from the base vertex rather than the maximal distance between two vertices. Obvious inequalities relate these two alternatives.
The definition of filling length requires further explanation. A shelling S of D is a combinatorial null-homotopy of D down to its base vertex v 0 , formally defined as follows.
in which each D i+1 is obtained from D i by one of the shelling moves defined below and depicted in Figure 1 . (The definitions of 1-cell and 2-cell collapse moves follow J. H. C. Whitehead; the reason for also using 1-cell expansions arises in the group theoretic interpretation of filling length -see [10] .)
A. 1-cell collapse 1-cell expansion 2-cell collapse Note that when a 1-cell expansion is performed with e 0 = v 0 in D i a choice has to be made on account of the ambiguity over which of the two copies of e 0 in D i+1 should be the base vertex of D i+1 . An ambiguity also occurs when D i e 0 is not connected. Roughly speaking, we have to choose which side of the diagram to cut from, that is, where in the boundary circuit the extra two 1-cells will be inserted.
The filling length FL(S) of a shelling S is FL(S) := max i ℓ(∂D i ), the maximum length of the boundary circuit in the course of the shelling. And the filling length FL(D) of a diagram D is the minimum of FL(S) as S ranges over all shellings of D.
Inequalities relating diagram measurements
Below we present a number of inequalities between the various measurements on a diagram D. As before D = S e ∞ and G = D (1) . Let e 
Proofs.
(1). Suppose u is a vertex of G in the interior of D (1) . Then there is a vertex a ⋆ of G ⋆ such that u is in the boundary of the dual 2-cell a. Let γ be a geodesic edge-path in G ⋆ from a ⋆ to e ⋆ ∞ and letγ be the edgepath consisting of all but the final edge of γ. The number of vertices of G ⋆ along the length ofγ is at most Diam e ⋆ ∞ (G ⋆ ). Let C(γ) be the subcomplex of D made up of all the 2-cells dual to vertices alongγ. There is a path from u to ∂D in the boundary of C(γ). This has length at most B Diam e ⋆ ∞ (G ⋆ ), an upper bound on the total number of 1-cells in C(γ). It follows that the distance in G of any vertex to ∂D is at most B GL(D). The fact that it is possible to reach the base vertex v 0 from any point on ∂D by traversing at most half the length of ∂D accounts for the remaining n/2 term in (1). total number of vertices in T ⋆ is at most n(B − 1) Diam e ⋆ ∞ (G ⋆ ) and the result follows.
Complementary pairs of trees and DGL
Suppose G is a finite, connected, undirected graph embedded in the 2-sphere (whence G is planar). Given a maximal tree (that is, a spanning tree) T in G, we can define the complementary tree T ⋆ in G ⋆ to be the subgraph whose edges are duals of edges in G T . We refer to (T, T ⋆ ) as a complementary pair of maximal trees because one easily checks that T ⋆ is a maximal tree in G ⋆ and that T ⋆⋆ = T . Thus we can define a new diagram measurement DGL(D) that gives both a diameter and a gallery length bound realisable simultaneously by a complementary pair of maximal trees. 
The filling length of a diagram
In §5.C. of [13] Gromov asks the following geometric question about discs D with Riemannian metrics. 
for some universal constant K ?
In other words, Gromov is asking for a homotopy 1] , and such that H 0 is the boundary loop, H 1 is the constant loop at a base point v 0 ∈ ∂D, and the length of the intermediate loops H t satisfy the bound (6) for all t ∈ [0, 1]. This question was quickly answered negatively by Frankel and Katz [6] . We pose a combinatorial analogue of Gromov's question replacing Riemannian discs by diagrams. In this context, controlling the length of a homotop means bounding the filling length FL as follows. 
This question also has a negative answer, as we shall now show, before giving a correct estimate on filling length. We present a family of diagrams D n whose 2-cells each have boundary length at most three and for which FL(D n ) → ∞ as n → ∞, and
It will follow that these diagrams do not admit some Figure 2 . The measurements of the diameter, perimeter and area of D n given above are easily checked. The bound FL(D n ) ≤ n on filling length follows from the result that FL(D n ) ≤ 1 + FL(D n−1 ) for all n ≥ 2, which is obtained by shelling D n by first removing the outermost 1-cell and 2-cell using a 2-cell collapse move, revealing two copies of D n−1 which are then shelled one after the other. The result that FL(D n ) → ∞ is harder to prove. Proof. Let S = (C i ) be a shelling of D n . There are natural combinatorial maps C i → D n , which fail to be embeddings only when there are 1-cell expansion moves in the shelling. Let C i be the image of C i in D n . One can obtain C i from C i by identifying some of the boundary edges in C i , so ℓ(∂C i ) ≥ ℓ(∂C i ). (Note that edges in ∂C i that are not part of the boundary of a 2-cell in C i contribute 2 to ℓ(∂C i ).)
Let n C i be the number of monogons in C i , that is the number of monogons in D n that have not yet been collapsed when one reaches C i in the course of the shelling S. Then n C i is a monotone decreasing sequence starting at 2 n−1 and terminating at 0.
Let
, a symmetric set of generators for the additive group Z. For m ∈ Z define ||m|| to be the distance of m from 0 in the word metric on Z with respect to A ± . We will explain a means of reading off an expression for n C i as a sum of ℓ(∂C i ) elements of A ± . We refer to boundary edges of a 2-cell in D n as either upper or lower according to the sense in which they are depicted in Figure 2 . So each triangular 2-cell has one upper and two lower boundary edges, and each monogon just has an upper edge.
Each edge e in ∂D n forms a loop and we label it by the number k e of monogons contained within that loop; this is always a power of 2. We express n C i as a sum of elements of A ± as follows. Every edge in ∂C i contributes a term k e if e is not one of the lower boundary edges of a 2-cell in C i , and contributes −k e if it is not one of the upper boundary edges of a 2-cell in C i . (So edges e in 1-dimensional portions of C i contribute terms k e and −k e .)
As an example, take D n and remove the last monogon on the right, to give a subcomplex C that includes n C = 2 n−1 − 1 monogons. There are two boundary edges in C ; the outer one contributes 2 n−1 and the inner one −1 to express n C as the sum 2 n−1 − 1. In Appendix A we prove that || || is unbounded. As
Remark. If the 1-cell expansion move is removed from the definition of a shelling then it becomes easy to prove that FL(D n ) = n. However, as the definition stands it is not true that FL(D n ) = n. For example one can prove that FL(D 5 ) ≤ 4.
We now amend the bound from Gromov's question by replacing the Diam(D) term in (7) by the diameter of a maximal tree T in D (1) and adding the diameter of the complementary tree T ⋆ (defined in §2.3).
Proposition 3.4. Suppose D = S e ∞ is a diagram in which the boundary of each 2-cell has at most λ edges. Then given any maximal tree
Recalling the diagram measurement DGL of Definition 2.5, we see that Proposition 3.4 gives: Theorem 3.5. Fix λ > 0. There exists K > 0 such that for every diagram D in which the boundary of each 2-cell has at most λ edges,
Proof of Proposition 3.4. Take the vertex e ⋆ ∞ dual to the 2-cell e ∞ at infinity to be the base vertex of the maximal tree T ⋆ in the dual graph G ⋆ . As usual D is equipped with a base vertex v 0 on its boundary.
Let m be the total number of edges in T and γ : [0, 2m] → T be the edge-circuit in T based at v 0 that traverses every edge of T twice, once in each direction, and runs close to the anticlockwise boundary loop of a small neighbourhood of T . For i = 1, 2, . . . , 2m let γ i be the edge of T that is the image of γ [i−1,i] , and regard this edge as directed from γ(i − 1) to γ(i). Let τ i be the geodesic in T ⋆ from e ⋆ ∞ to the vertex e ⋆ i dual to the 2-cell e i on the right of γ i (which may be e ∞ ). Let τ i be the union of all the (closed) 2-cells dual to vertices on τ i .
There may be some 2-cells e 2 in D i τ i . For such an e 2 , let ǫ be the edge of (∂e 2 ) T whose dual edge is closest in T ⋆ to e ⋆ ∞ . Call such an edge ǫ stray. Then ǫ must be an edge-loop because otherwise the subdiagram with boundary circuit made up of ǫ and the geodesics in T from the end vertices of ǫ to ⋆ would contain some e * i . It follows that such an ǫ is the boundary of a subdiagram that is of the form of Figure 2 save that shelling away a 2-cell reveals at most (λ − 1) more 2-cells instead of two. The shelling discussed in Section 3 generalises to show that such a diagram has filling length at most (λ − 1)Diam(T ⋆ ). To realise (8) , shell the 2-cells of D in the following order: for i = 1, then i = 2, and so on, shell all the (remaining) 2-cells along τ i , working from ⋆ ∞ to v * i , doing 2-cell collapses to remove successive edges dual to edges on τ i and the 2-cells they border. Except, whenever a stray edge e appears in the boundary circuit, pause and entirely shell away the diagram it contains. In the course of the 2-cell collapses, do a 1-cell-collapse whenever one is available.
One checks that in the course of this shelling, aside from detours into subdiagrams enclosed by stray edges, the anticlockwise boundary-circuit starting from v 0 follows a geodesic path in T , then a path embedded in the 1-skeleton of some τ i before returning to v 0 along ∂D. These three portions of the circuit have lengths at most Diam(T ), λ Diam(T ⋆ ) and ℓ(∂D), respectively. Adding (λ − 1)Diam(T ⋆ ) for the detour gives an estimate within the asserted bound.
In [11] we discuss a number of inter-related conjectures about complementary pairs of trees in finite planar graphs. Conjecture 4.3 claims that GL and DGL are essentially the same diagram measurement when one is concerned with diagrams for which there is a uniform bound on the length of the boundary cycles of each 2-cell (with the possible exception of the 2-cell at infinity). If this conjecture is true then the theorem simplifies as follows. 
Filling functions for finite presentations 4.1 Definitions
Filling functions for a finite presentation P = A | R of a group Γ are defined using measurements of van Kampen diagrams D w (defined below) associated to words w that represent 1 in Γ. These diagrams demonstrate graphically how w = 1 is a consequence of the relations R. (Words are strings of letters in A and their formal inverses, that is, elements of the free monoid (A ∪ A −1 ) ⋆ .) Therefore one might say that a filling function captures an aspect of the geometry of the word problem for P.
Denote the length of w by ℓ(w). Let K 2 be the compact 2-complex with fundamental group Γ associated to P: to construct K 2 take a wedge of |A| circles, label each circle by an element of A and orient them, and then attach a ℓ(r)-sided 2-cell for each r ∈ R with r describing its attaching map. Let C(P) = K 2 denote the Cayley 2-complex associated to P. The Cayley graph of P is the 1-skeleton of C(P), and the 0-skeleton is identified with Γ so that the combinatorial metric on C(P) agrees with the word metric d P on Γ. Each edge of the Cayley graph inherits an orientation from K 2 as well as a label by an element of A.
A word w in Γ such that w = 1 in Γ is said to be null-homotopic, or is referred to as an edge-circuit because it defines a loop in C(P) (1) based at 1 (say). Each edge of D w inherits a direction from its image in C(P) (1) and also a label by an element of A. So the boundary label of each 2-cell of D w is a cyclic conjugate of an element of R ±1 and, starting at the base vertex v 0 , one reads w (by convention anticlockwise) around ∂D.
For an edge-circuit w define Area(w), Diam(w), GL(w), DGL(w) and FL(w) by
where M is Area, Diam, GL, DGL and FL, respectively.
We mention some equivalent definitions. It is a consequence of van Kampen's lemma [2, 14, 15] that Area(w) is the least N such that there is an equality
in the free group F (A) for some r i ∈ R ±1 and u i ∈ A ⋆ . Similarly, modulo an error of ± max {ℓ(r) | r ∈ R}, the diameter Diam(w) is the minimal bound on the length of the conjugating elements u i in equalities (9) . Proposition 1 in [10] says that FL(w) is the minimal bound on the length of words one encounters in the process of applying relators to reduce w to the empty word. An isoperimetric function (resp. isodiametric function) for P is any f :
There are many references to isoperimetric functions, Dehn functions and isodiametric functions in the literature; [2, 8] are surveys. The filling length function is discussed extensively in [10] and has an important application in [9] . We introduce gallery length GL and DGL in this article.
The word problem for P is solvable if and only if any one (and hence all) of the filling functions Area, Diam, GL, DGL and FL is bounded by a recursive function -see [8] .
Changing the presentation
It is important to note that Area, Diam, GL and FL were all defined for a fixed finite presentation P of Γ. However Area, Diam and FL are group invariants in the sense that each is well behaved under change of finite presentation. The Dehn functions Area P and Area Q of two finite presentations P and Q of the same group G are ≃-equivalent in the sense defined below. The same can be said of the minimal isodiametric function and of the filling length function. Proofs can be found in [10] in the case of FL and in [12] for Area and Diam. Definition 4.3. (≃-equivalence.) For two functions f, g : N → N we say that f g when there exists C > 0 such that f (n) ≤ Cg(Cn + C) + Cn + C for all n, and we say f ≃ g if and only if f g and g f .
The situation for GL is more complicated. We need the following definition.
Definition 4.4. (Fat presentations.) One obtains a fat presentation P ′ = A ′ | R ′ from a presentation P = A | R by adjoining an extra generator to A and extra relations to R as follows:
The added generator z is spurious in so far as P and P ′ present the same group Γ and z represents 1 in Γ. However z will play the following important role in the proof of Theorem 4.5 below and will also be used in §6 and in [11] . If w is an edge-circuit in P ′ then we can construct a planar 2-complex A w that is topologically an annulus, and more specifically is a ring of 2-cells that have boundary labels the commutator relations amidst {[a, z]
±1 | a ∈ A ∪ {z} }. All the edges in the interior are labelled by z, and both inner and outer anticlockwise boundary labels are w. So if D w is a van Kampen diagram for w then we can create a larger van Kampen diagram A w ∪ D w for w by attaching A w around ∂D w . Refer to A w as a z-collar for w. The salient fact is that A w ∪ D w is necessarily a topological disc (whilst in general D w may not be).
Theorem 4.5. Suppose that P and Q are two finite presentations for the same group Γ. Then the gallery length functions GL P ′ and GL Q ′ of the fat presentations P ′ and Q ′ are ≃-equivalent.
Proof. Recall that Tietze's theorem [14] states that if P and Q are two finite presentations for the same group then there is a finite sequence of Tietze operations starting at P and terminating at Q. Suppose P = A | R . There are four types of Tietze operations P → Q : Types I and II, and their inversesType I. Adjoin a new free generator t and a new relator tu −1 , where u ∈ A ⋆ (so u does not involve t).
Type II. Adjoin a new relator r which is a consequence of the relations R.
It suffices to check that for all Type I or Type II operations P → Q the gallery length functions GL P ′ and GL Q ′ of the fat presentations P ′ and Q ′ are ≃-equivalent.
Consider first the Type I operation P → Q. In the argument that follows we will assume that u is not the empty word. A separate and easier argument must be given if u is empty, which we omit.
Suppose first that w is a null-homotopic word in the generators of Q ′ . The length of w increases by at most a constant factor A := ℓ(u) when one replaces all occurrences of t in S by u. Thus by at most ℓ(w) applications of a relator we obtain a new wordŵ in the generators of P ′ . Now take a van Kampen diagram Dŵ = Sŵ e ∞ forŵ over P ′ with dual graph Gŵ ⋆ satisfying GL P ′ (ŵ) = Diam(Gŵ ⋆ ). Obtain a van Kampen diagram D w for w over Q ′ by attaching 2-cells labelled by tu −1 or ut −1 to ∂Dŵ. The effect on the dual graph is to increase the distance of any given vertex to e ⋆ ∞ by 1, and therefore GL Q ′ (w) ≤ GL P ′ (ŵ) + 2. So GL Q ′ (n) ≤ GL P ′ (A n) + 2 for all n.
Next suppose that w is a null-homotopic word in the generators of P ′ . So there is no t in w. Let D w = S w e ∞ be a van Kampen diagram over
z]. It follows that all occurrences of t in D w must be in "t-corridors" -concatenations of 2-cells with boundary labels [t, z]
±1 and with adjacent 2-cells joined across an edge labelled t. There are two types of t-corridor: linear t-corridors start with a 2-cell labelled by (tu −1 ) ±1 and finish with a 2-cell labelled (tu −1 ) ±1 (see Figure 3) , and annular t-corridors close up to form annuli. We want to eradicate all instances of t from D w and arrive at a diagram over P ′ . In the case of the annular t-corridors we can simply change the edges labelled by t to edges labelled by z because [z, z] is one of the defining relators in P ′ . In the case of the linear t-corridors we collapse the diagrams in the way illustrated in Figure 3 . However the gallery length could be increased on account of possible loses of efficient roots through the dual graph of D w that run along linear t-corridors. To deal with this problem we insert zcollars around the linear t-corridors before collapsing them: we cut along the boundary edge-circuit of each linear t-corridors and we glue in a z-collar. (It may be that this edge-circuit does not embed in D w , however this does not represent an obstruction to inserting a collar.) The effect of gluing in the z-collars is to increase the gallery length by at most a factor of two. Then on collapsing the linear t-corridors we get a van Kampen diagram for w over P ′ and the gallery length does not increase further. So GL P ′ (n) ≤ 2 GL Q ′ (n).
Next assume that P → Q is a type II Tietze operation, where we adjoin a new relator r. It is clear that GL Q ′ ≤ GL P ′ because every van Kampen diagram over P ′ is a fortiori a van Kampen diagram over Q ′ . For the bound in the other direction let D w be a van Kampen diagram over Q ′ for an edge-circuit of length n. The word r is an edge-circuit in P ′ and so has a van Kampen diagram D r over P ′ . It will be important that this diagram is a topological disc and this can be ensured by gluing attaching a z-collar for r around its boundary if necessary. Let B be the diameter of the dual graph to D r . Now let D r −1 be the van Kampen diagram for r In fact, an analysis of the change in areas of the diagrams in the proof above allow us to see how simultaneously realisable area and gallery length bounds are affected by a change in presentation. The following definition provides the language to make this precise. Definition 4.6. We say that a pair (f, g) of functions f, g : N → N is an (Area, GL)-pair for the finite presentation P when, for every edge-circuit w in the Cayley graph of P, there exists a van Kampen diagram D w with Area(D w ) ≤ f (ℓ(w)) and GL(D w ) ≤ g(ℓ(w)). Scholium 4.7. Suppose that P and Q are two finite presentations for the same group Γ, and that P ′ and Q ′ are their fattenings. If (f P ′ , g P ′ ) is an (Area, GL)-pair for P ′ then there is an (Area, GL)-pair (f Q ′ , g Q ′ ) for Q ′ such that f P ′ ≃ f Q ′ and g P ′ ≃ g Q ′ .
The Double Exponential Theorem
In this section we use gallery length to give a new proof of a theorem of D.E.Cohen [3] known as the Double Exponential Theorem, that is a cornerstone amongst results about how filling functions interrelate. It asserts that the Dehn function of any finite presentation P of a group is bounded above by a double exponential in any isodiametric function for P. Cohen's proof involves an analysis of the Nielsen reduction process. A further proof, using Stallings folds, was given by the first author in [7] .
The essence of our new proof is that there is at most an exponential leap from the gallery length filling function up to the Dehn function, and from the minimal isodiametric function up to the gallery length.
It follows that GL(n) ≤ A 1 + 2 Diam(n) for all n. 
Therefore there exists A > 0 such that
Proposition 5.2. Let P = A | R be a finite presentation and w be an edge-circuit in its Cayley graph. Define B := max {ℓ(r) | r ∈ R}. If D w is a van Kampen diagram for w then
where n := ℓ(∂D w ). It follows that Area(n) ≤ n(B − 1) GL(n) for all n. . Given a finite presentation P there exists C > 0 such that the Dehn function Area(n) and the minimal isodiametric function Diam(n) for P satisfy
Scholium 5.4. Given a finite presentation P there exists a constant C > 0 such that for all edge-circuit w in P there exists a van Kampen diagram D w with
where n := ℓ(w). In §3 we constructed a family of diagrams D n to show that the bound of 5.5.3 fails on the level of diagrams. We cannot immediately deduce a negative answer to 5.5.3 because, a priori, it may not be possible to realise the behaviour exhibited by the diagrams D n in minimal filling length van Kampen diagrams for some sequence of null homotopic words in some finite presentation P -indeed it may be that minimal diameter and minimal filling length diagrams for a given word are different.
Gromov points out in [13, §5.C] that an affirmative answer to 5.5.3 would imply an affirmative answer to 5.5.1 (and, in fact, to 5.5.2) since it is known that a single exponential of filling length provides a simultaneously realisable isoperimetric function for P : Proposition 5.6. Let P = A | R be a finite presentation of a group. Let K := 2 |A| + 1. Then Area(n) ≤ K FL(n) for all n. Moreover, if D is a van Kampen diagram for an edge-circuit w in P and has FL(D) ≤ FL(w), and in addition is of minimal area amongst all such diagrams then
This proposition is the "space-time" bound of [10, Corollary 2] or [13, 5 .C]. The fact that K FL(n) is an upper bound on the number of words of length at most FL(n) is at the heart of its proof.
The following theorem says firstly that if (5.5.4) has a positive answer then so does (5.5.2), and secondly provides a near converse.
Theorem 5.7. Let P be a finite presentation. Suppose that there is a constant C P such that GL(n) ≤ C P (Diam(n) + n) for all n ∈ N. Then
is an (Area, Diam)-pair for P.
Conversely if Π is an (Area, Diam)-pair for P for some constant C P then GL(n) Diam(n).
Proof. The first part of this theorem follows from Proposition 5.2.
The second part is a consequence of Theorem 7.1 of [11] , which says that for fat finite presentations, GL is ≃-equivalent to another filling function called DlogA. Let P ′ be the fattening (in the sense of Definition 4.4) of P. Then, with a similar proof to Scholium 4.7, there is an (Area, Diam)-pair
and g(n) ≃ Diam(n). Now DlogA concerns the sum of the logarithm of the area of a diagram with its diameter, and in this case is therefore
We conjecture that 5.5.3 and 5.5.4 are, in fact, equivalent on account of a close relationship between FL and GL that is discussed further in §7 and in [11] .
Remark 5.8. The group theoretic input to this proof of the Double Exponential Theorem is that the bound (10) on the number of words of length at most 1 + 2 Diam(w). This amounts to using the finite valence of the 1-skeleton of the Cayley graph to obtain a bound on the number of distinct edge-paths in the Cayley graph that have at most this length and emanate from a given vertex. Thus the methods above can be used to prove the Double Exponential Theorem in the more general setting of filling edge-circuits in a simply connected 2-complex with uniformly bounded geometry (that is, a uniform bound on the number of vertices, edges or face that are incident each given vertex, edge or face) -see [16] , where Papasoglu uses the method of Stallings' folds to give a proof of the double exponential in this more general context.
The gallery length of combable groups
In this section we give an upper bound on the gallery length function of combable groups as well as a simultaneously realisable isoperimetric function. This is a wide and much studied class of groups that includes all automatic groups [5] .
We recall the relevant definitions (cf. [1] or [8] 
Denote the image of g ∈ Γ by σ g and view this as a continuous path [0, ∞) → C(Γ, A) in the Cayley graph from the identity to g, moving at a constant speed from the identity for time ℓ(σ g ) before stopping at g. We refer to σ g as the combing line of g. The length function L : N → N of σ is defined by:
We say that σ satisfies the synchronous k-fellow-traveller property when
Define a reparametrisation ρ to be an unbounded function N → N such that ρ(0) = 0 and ρ(n + 1) ∈ {ρ(n), ρ(n) + 1} for all n. Then say that σ satisfies the asynchronous k-fellow traveller property when for all g, h ∈ Γ with d(g, h) = 1, there exist reparametrisations ρ g and ρ h such that
Our result is phrased in terms of an (Area, GL)-pair -see Definition 4.6. Proposition 6.1. Suppose a group Γ with finite generating set A admits a combing σ that satisfies a (synchronous or asynchronous) k-fellow-traveller property. Let L : N → N be the length function of σ. Then there exists a finite presentation P = A | R for Γ for which (n L(n), L(n) ) is an (Area, GL)-pair for the fattened presentation P ′ , up to a common multiplicative constant. (That is, there exists some µ > 0 that depends only on P such that (µ n L(n), µ L(n) ) is an (Area, GL)-pair for P ′ .) In particular, if L admits a linear bound then so does GL, and (n 2 , n) is an (Area, GL)-pair for P ′ , up to a common multiplicative constant.
Proof. Suppose σ is a combing of Γ that satisfies the synchronous k-fellowtraveller property. For an edge-circuit w construct the cockleshell diagram D w : start with a loop of 1-cells labelled by w reading anticlockwise from the base vertex ⋆ and then join each vertex to ⋆ by a combing line; next, between each pair of adjacent combing lines σ g and σ h , the synchronous kfellow-traveller property allows one to construct a ladder whose rungs are paths of length at most k between σ g (t) and σ h (t) for all t in
The number of 2-cells in this ladder is max(ℓ(σ g ), ℓ(σ h )) and each has boundary word of length at most 2k + 2. It follows that if R is the set of nullhomotopic words of length at most 2k + 2 then P := A | R is a finite presentation for Γ and D w is a van Kampen diagram for w with respect to P. Define G to be the graph D (1) .
We now seek to bound the gallery length of D w and we notice that paths in the dual graph G ⋆ that run along the ladders between adjacent combing lines have lengths L. However it may be the case that some rungs have zero length, and so it may not be possible to run along the ladders to reach the base vertex. To remedy this we fatten the combing lines: we fatten the presentation P to P ′ = A ′ | R ′ as per Definition 4.4; then we cut along each combing line σ g in D w and glue in the diagram depicted in Fig. 4 which has boundary made up of two copies of σ g and has all interior edges labelled by z. The result is a van Kampen diagram over P ′ that we call D (We remark that it follows from Scholium 4.7 that this same (Area, GL)-pair applies to any finite fat presentation for P, up to ≃-equivalence.)
The proof in the case that σ satisfies the more general asynchronous k-fellow-traveller property is similar except that the ladders between the combing lines have rungs organised more haphazardly: for each t ∈ N there is a rung between σ g (ρ g (t)) and σ h (ρ h (t)) (for some reparametrizations ρ g and ρ h ). The 2-cells are now triangular or rectangular ; each has boundary made up of two rungs and either one or two 1-cells, and so has boundary length at most 2+2k. We again take R to be the set of null-homotopic words of length at most 2 + 2k. Then P = A | R is a finite presentation and the fattening of P admits the claimed (Area, GL)-pair.
Relating gallery length and filling length
In §4 we defined the filling length function FL : N → N for a finite presentation P of a group Γ by FL(n) := max {FL(w) | words w with ℓ(w) ≤ n and w = 1 in Γ} , where FL(w) is the minimal value of FL(D w ) over all van Kampen diagrams for w. In §2 the diagram measurement FL(D w ) was defined as the minimal bound on the length of the boundary curve in the course of a shelling (a combinatorial null-homotopy) of the diagram.
An alternative definition for the filling length of a word w that equals 1 in P is that FL(w) is the minimal bound on the length of words one encounters when reducing the w down to the empty word by successively applying relators [10, Proposition 1] . This reveals FL(n) to be the space complexity of the naïve approach to solving the word problem for P by exhaustively applying relators -more details are in [9] .
The main result of this section is that FL and DGL are qualitatively the same filling functions; that is, FL ≃ DGL. Thus filling length is a ubiquitous concept: not only is it both a space complexity measure and a differential geometric invariant controlling the length of curves in null-homotopies, but, in addition, it has a geometric/combinatorial interpretation in terms of the diameter of graphs embedded in 2-spheres and their duals.
Theorem 7.1. Let P = A | R be a finite fat presentation of a group Γ. The filling functions DGL and FL for P satisfy GL ≤ DGL ≃ FL.
Proof. That FL DGL is immediate from the inequality of Theorem 3.5 relating the corresponding diagram measurements, and that GL ≤ DGL is an easy consequence of the definitions. (In fact, the hypothesis that P is fat is superfluous here.) We turn our attention to establishing the bound DGL FL.
Let D be a van Kampen diagram for an edge-circuit w in P of length n, that admits a shelling S = (C 0 , C 1 , . . . , C m ) with FL(S) = FL(w) = FL(n). Define k := Area(D) and M := max {ℓ(r) | r ∈ R}. Only interior 1-cells of D can be involved in 1-cell expansion move in S. There are at most M k such 1-cells. So the total number of 1-cell collapse moves in S is at most the total number of 1-cells in the 1-dimensional portions of D plus twice the number in the 2-dimensional portions, that is at most n + 2 M k. Adding these bounds to the number k of 2-cell collapse moves we have
We construct a van Kampen diagram D for w from D for which we will be able to use the length of the boundary circuits of the C i to estimate DGL(D). Recalling Definition 4.4, there is one generator z ∈ A for which the words z, z 2 , zz −1 , z 3 , z 2 z −1 as well as the commutators [z, a] for all a ∈ A are found amongst the defining relations. Our first step is to insert z-corridors into the diagram D along the (images of) boundaries of the C i .
If k = 0 the bound DGL(n) ≤ FL(n) is immediate. Assume k > 0. For all 0 ≤ i ≤ m there is a natural combinatorial map C i → D, which is only prevented from being an embedding by the 1-cell expansion moves in the shelling. Define i 1 ≤ i 2 ≤ . . . ≤ i k to be the k integers for which C i j +1 is obtained from C i j by a 2-cell collapse move. In the move C i j → C i j +1 a 2-cell e For m = 1, 2, 3 we define A m to be the van Kampen diagram for z m with one 2-cell. Define A 4 to be the diagram with two triangular 2-cells joined along one 1-cell to make a square. When m ≥ 5, let q be the least integer greater than or equal to log 2 m. The diagram A m is built out of q − 2 concentric annular 2-complexes arranged around A 4 . The construction is illustrated in Figure 6 in the case m = 13. These annuli are built out of five-sided and four-sided 2-cells, that are then triangulated (the dotted lines in Figure 6 are the edges inserted to triangulate the 2-cells). With the possible exception of the outermost, the annuli are built out of five-sided 2-cells in such a way that their outer-boundary is twice the length of their inner boundary. In the outermost annulus four-sided 2-cells are used in place of 2 q − m of the five-sided 2-cells in order to give the outermost boundary length m.
All the 2-cells in A m are triangular and all 1-cells are labelled by z. The orientation of the interior edges is chosen arbitrarily and those in the boundary are oriented in such a way that the boundary word (reading anticlockwise) is z m . As P is fat the defining relations include z 3 and z 2 z −1 and so A m is a van Kampen diagram with respect to P. The diagram A −m for z −m is obtained from A m by reversing the orientation of the boundary edges. (It is significant, although not to this proof, that all the vertices of A m have uniformly bounded valence -see Remark 7.3.) Refer to the boundary components of the concentric annuli as rings in A
(1) m and refer to the edges of the four or five-sided 2-cells (before triangulation) that are not in the rings as radial edges. Both the diameter and gallery length of the diagrams A ±m are q ≤ 1 + log 2 m. More particularly, define U to be a tree in the 1-skeleton of A −m consisting of all the radial edges, as well as all but one edge of the innermost ring and alternate edges on the remaining rings in the interior of A −m (see Figure 6 , where U is shown with heavy lines in the left-hand diagram). Also define V to be the forest of trees in the 1-skeleton of A m made up of all the radial edges (see the righthand diagram of Figure 6 ). Then let U ⋆ and V and A m , and by removing the first edge of ∂D. One checks that T is a maximal tree in D (1) (or, equivalently, that the complementary tree T ⋆ is a maximal tree) -see Figure 5 where T is illustrated with heavy lines. We claim that
We first explain the contributions to the bound on Diam(T ). One can reach the side of one of the corridors C w i j from any vertex of V within a distance at most K + K n + K FL(n) by (13) . One can then follow the side of a corridor C w i j (length at most FL(n)), but possibly making a diversion around a 2-cell e 2 i j (length less than ℓ(∂e
, and reach the subtree U. The diameter of U is at most K + K n + K FL(n) by (13) .
For the bound on Diam(T ⋆ ) notice that from a vertex dual to any 2-cell not in either of the subdiagrams A ±m one can reach the interior of a 2-cell in a corridor within a distance 1. Further, from a vertex in A −m one can reach the interior of a corridor by following a component of U ⋆ . Then one can follow a path along the interior of a corridor to the tree V ⋆ . Summing the inequalities for Diam(T ) and Diam(T ⋆ ) we have a bound on DGL(D) from which we can conclude that DGL FL.
Conjecture 4.3 of [11] claims a close relationship between the diagram measurements GL and DGL. If this conjecture holds then an implication for the filling functions of a given presentation is that GL ≃ DGL. This would lead to the following attractively simple interpretation of the filling length function as a measure of the diameter of dual graphs to van Kampen diagrams.
Corollary 7.2. Let P be a finite fat presentation. Assuming Conjecture 4.3 of [11] holds, the filling functions FL, GL : N → N for P satisfy FL ≃ GL.
Thus assuming Conjecture 4.3 of [11] , Corollary 6.6 in [11] would also reproduce the result of [9] that the filling length function of a finite presentation of a nilpotent group admits a linear upper bound.
Remark 7.3. The maximum valence of vertices in the diagram D constructed in the proof of Theorem 7.1 is at most 11. This observation is not used in the proof above, but is important in the proof of an inequality in [11, Theorem 9.3] .
One checks that vertices in the interior of the A ±m have valence at most 7, and vertices on ∂A ±m have valence at most 4. Also vertices in the interior ofD and on ∂D have valence at most 6 and 4 respectively. When A The length of expressions for integers as sums ±p i for fixed prime p
In this appendix we prove a result about representing integers by sums of terms ±p i , for a prime p. It is well known that the minimal number of terms ρ(n) in an expression for a positive integer n as a sum of {p i | i ∈ N} is λ 0 +λ 1 +. . .+λ m where n = λ 0 +λ 1 p+· · ·+λ m p m is the base p representation of n. Therefore {ρ(n) | n ∈ N} is unbounded. However we are concerned with the minimal number ||n|| of terms in such sums when one is also allowed terms {−p i | i ∈ N}. Word metrics provide a convenient language in which to formalise the definitions of ρ(n) and ||n||. Fix a prime p. Take the infinite set A := {p i | i ≥ 0} as a generating set for the additive monoid N, and A ± := {±p i | i ≥ 0} as a symmetric generating set for Z. These define two word metrics d A and d A ± ; we define ρ(n) := d A (0, n) and ||n|| := d A ± (0, n). We remark that the metrics are different on N in general: if n = p i − 1 then ρ(n) = i but ||n|| = 2.
Theorem A.1. If {a n ; n ≥ 1} is a sequence of rational integers which converges in the p-adic integersẐ p to an element which is not a rational integer (i.e. the limit is inẐ p Z), then the sequence {||a n || ; n ≥ 1} is unbounded. Hence || || is unbounded on Z (and so also on N ).
Proof. Assume to the contrary that || || is bounded on the sequence {a n } and let ||a n || ≤ M for all n. We may write a n = b n − c n , where b n = p e n1 + p e n2 + · · · + p ens n c n = p f n1 + p f n2 + · · · + p fnt n with e n1 ≤ e n2 ≤ · · · ≤ e nsn f n1 ≤ f n2 ≤ · · · ≤ f ntn , so that ||a n || = s n + t n ≤ M. We express the following argument informally to avoid the notation getting out of control. Depending on whether or not the sequence {e n1 } n∈N is bounded, we can extract a subsequence that is either constant or tends to infinity. In the second case the b n tend to the rational integer 0 on the subsequence, whereas in the first case the first summand p e n1 is constant. Now restrict to the subsequence. And, provided that infinitely many e n2 are defined on the subsequence, argue that there is a further subsequence for which the e n2 either are constant or tend to infinity. In the second case the b n tend to the rational integer p e n1 on this new subsequence. Continue similarly extracting subsequences examining the e n3 , then the e n4 and so on, in all at most M times. The result is a subsequence on which the b n tend to a rational integer. Next look at the f n1 , then f n2 , and so on, and extract further subsequences at most M times. This produces a subsequence on which the c n also tend to a rational integer.
So, after extracting subsequences a total of at most 2M times, we have a subsequence of the a n which tends to a rational integer in the limit. This contradicts our hypothesis.
To deduce that || || is unbounded it suffices to give a sequence of rational integers which is convergent inẐ p but whose limit is not a rational integer. Well, a n := 1 + p 2 + · · · + p 2n tends to −1/(p 2 − 1), which is not a rational integer for any p.
